\ectors

In our study of physics, we often need to work with physical quantities that have both
numerical and directional properties. As noted in Section 2.1, quantities of this nature are
vector quantities. This chapter is primarily concerned with general properties of vector
quantities. We discuss the addition and subtraction of vector quantities, together with some
common applications to physical situations.

Vector quantities are used throughout this text. Therefore, it is imperative that you mas-
ter the techniques discussed in this chapter.

Coordinate Systems

Many aspects of physics involve a description of a location in space. In C}lapter 2,‘for
€xample, we saw that the mathematical description of an object’s motion requires
a method for describing the object’s position at various times. In two‘ dimensions,
this description is accomplished with the use of the Cartesian cot‘)r'dmate system,
in which perpendicular axes intersect at a point defined as the origin O (Fig. 3.1).
Cartesian coordinates are also called rectangular coordinates.

Sometimes it is more convenient to represent a point in a plane by its plane polc.zr
coordinates (r, ) as shown in Figure 3.2a (page 60). In this polar cof)rdinate system, ris
the distance from the origin to the point having Cartesian co.or.dmates (x, 'y) and 0
is the angle between a fixed axis and a line drawn from the origin to the point. T_he
fixed axis is often the positive x axis, and 6 is usually measured counterclockwise

Unless otherwise noted, all content on this page is © Cengage Learning.
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A'signpost in Saint Petersburg,
Florida, shows the distance

and direction to several cities.
Quantities that are defined by
both a magnitude and a direction
are called vector quantities.
(Raymond A. Serway)

y
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o(x, y)
Q-5 )
(-3, 4) *(5,3)
I [E,
0 5 10

Figure 3.1 Designation of points
in a Cartesian coordinate system.
Every point is labeled with coordi-

nates (x, y).
59




60

Chapter 3 Vectors

y
(%) y
sinf = 5
- r
X
cosb =7 o
) /)
tan 6 =
— 4 & X
0
(b
a8 es of a point aré represented by the distance rand ¢

polar coordinat

Fiqure 3.2 (a) The plane ;
- % : d counterclockwi

angle 6, where 6 is measure
relate (x, ) to (1 6).

se from the positive xaxis. (b) The right triangle tisen
)

from it. From the right triangle in Figure 3.2b, we find tf:‘t sin 3,= y/7and thay ¢,
6 = x/r. (A review of trigonometric functions is given 11 ppendix B.‘I.) Therefore
starting with the plane polar coordinates of any point, we can obtain the Cartesiy,

coordinates by using the equations

x = rcos 0 (3.1)
32

dinates, the definitions of trigoney,

Cartesian coordinates »
in terms of polar
coordinates

y= rsin 0

Furthermore, if we know the Cartesian coor
etry tell us that

)
Polar coordinates in terms P tan 6 = ; (3'3)
of Cartesian coordinates
n— \/J_C_QT)_"E (3.4)

Equation 3.4 is the familiar Pythagorean theorem.
These four expressions relating the coordinates (x, y) to the coordinates (7 §)

apply only when 8 is defined as shown in Figure 3.2a—in other words, when posi-
tive 6 is an angle measured counterclockwise from the positive x axis. (Some sci-
entific calculators perform conversions between Cartesian and polar coordinates
based on these standard conventions.) If the reference axis for the polar angle
6 is chosen to be one other than the positive x axis or if the sense of increasing
6 is chosen differently, the expressions relating the two sets of coordinates will

change.

Polar Coordinates

E Example 3.1

| The Cartesian coordinates of a point in the xy plane are (¥, j) = (—=8.50, —2.50) m as shown in Figure 3.3. Find the

| polar coordinates of this point.

j Conceptualize The drawing in Figure 3.3 helps us conceptualize the problem. We wish to find rand 6. We expect 7t
| be a few meters and 6 to be larger than 180°.

y (m)

7 l’-—x(m)

r

Categorize Based on the statement of the problem and
the Conceptualize step, we recognize that we are simply
| converting from Cartesian coordinates to polar coordi-
| nates. We therefore categorize this example as a substitu-

| tion problem. Substitution problems generally do not have
| an extensive Analyze step other than the substitution of
numbers into a given equation. Similarly, the Finalize step

F'igu.re 3.3 (Example 3.1)
Finding polar coordinates when
Cartesian coordinates are given.

Unless otherwise noted, all content on this pa;
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3.2 Vector and Scalar Quantities 61

ued
,“,mnwh

3.1 ¢ ; : :

( . orimarily of checking the units and making sure that the answer is reasonable and consistent with our expec-
| ¢ nSls;S%xerefore’ for substitution problems, we will not label Analyze or Finalize steps.
| [ation .

pquation 34 t0 find 7: r=Va2+3y?=V(-850m)? + (-2.50m)2 = 4.30 m
| use
| ) _ =250m

; find 6: t LR ey 4.0 LTy

| Use Equation 3.3 to fin an ¢ e 0.714
| o= 216

| Notice that you must use the signs of xand yto find that the point lies in the third quadrant of the coordinate system. That
j i 0 = 216°, not 35.5% whose tangent is also 0.714. Both answers agree with our expectations in the Conceptualize step.

Vector and Scalar Quantities

We now formally describe the difference between scalar quantities and vector quan-
ities. When you want to know the temperature outside so that you will know how
to dress, the only information you need is a number and the unit “degrees C” or
“degrees F.” Temperature is therefore an example of a scalar quantity:

Ascalar quantity is completely specified by a single value with an appropriate
unit and has no direction.

Other examples of scalar quantities are volume, mass, speed, time, and time inter-
vals. Some scalars are always positive, such as mass and speed. Others, such as
temperature, can have either positive or negative values. The rules of ordinary
arithmetic are used to manipulate scalar quantities.

Ifyou are preparing to pilot a small plane and need to know the wind velocity,
you must know both the speed of the wind and its direction. Because direction is
important for its complete specification, velocity is a vector quantity:

A Yector quantity is completely specified by a number with an appropriate
unit (the magnitude of the vector) plus a direction.

Another example of a vector quantity is displacement, as you know from Chapter
2 Suppose a particle moves from some point ® to some point ® along a straight
R?;%shown iI} Figure 3.4. We represent this displacement by dralwing an arrow
by to ®), with the tip of the arrow pointing away from th.e starting point. The
length :fo}f the arrowhead represents the direction of. the displacement, and Fhe
e the arrow represents the magnitude of the displacement. If the p;.n'uc.le
e San some other pat.h from ® to ® such as shown by the brc.)ken line in :
depe S-Oilits dlsplac_eI.n.em is still the arrow drawn fx'c?m ® to ®. Dlspla‘cefnent flgur(g 3.4® As a particle moves
Pendeng of [ﬁ on the initial and final Posmons, so the dlsplacel?lent vector is inde- r;r;re [r(;seniir(z;lg atr;l artl))ltll‘(ary
i € path taken by the particle between these two points. i ﬁne 3 I; 1 Y the bro _en

S lext, we use a boldface letter with an arrow over the letter, such as A, to » LI Clsplacementisa vec

l'epresE tor quantity shown by th
nta 0 # q q y y the arrow
il i Vector. Another common notation for vectors with which you sll}o_uld l?e o o )]
€n ejgp asimple holdface character: A. The magnitude of the vector A is writ-
iSplaC:r Aor A |. The magnitude of a vector has physical units, such as meters for
a Positivmem Or'meters per second for velocity. The magnitude of a vector is always
€ Number,

Un!g“
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are vector quantities and whjc

: : : i he following $ h
y @ uick Quiz 3.1 Which of the (© velocity () speed (e) s, are SCaly

: iti 3 eration
e quantities? (a) your age (b) accel

Some Properties of Vectors

roperties of vectors representiy,

1,

0/
L~

investigate general p

- In this section, we sha i 8 Phyy;
cal quantities. We also discuss how to add and subtract vectors using botp algeir);s'l.
. q IC
Figure 3.5 These four vectors and geometric methods.
are equal because they have equal
lengths and point in the same 2
direction. Equahty OfiiiWo NECOR

s A and B may be defined to be equal i

For many purposes, two vector 1l if they haye

the same magnitude and if they point in the same direction. Thatis, A = B onlyig
A= Bandif A and B point in the same direction along parallel lines. For exam.

ple, all the vectors in Figure 3.5 are equal even though tl}e'y have different Startip
points. This property allows us to move a vector to a position parallel to itself iy, a

diagram without affecting the vector.

Pitfall Prevention 3.1 Adding Vectors . : ;

Vector Addition Versus The rules for algding vectors are conveniently gi)escrlbed by a graphical method,
Scalar Addition Notice that To add vector B to vector A, first draw vector A on graph paper, w_i)th its magnj-
A + B = C isverydifferent tude represented by a convenient length SC_Z}le, and then draw vector B to the same
from A + B = C. The first equa- scale, with its tail starting from the tip of A, as shown in Figure 3.6. The resultant
DOl recionsum. i vector R = A + B is the vector drawn from the tail of A to the tip of B.

be handled carefully, such as
with the graphical method. The
second equation is a simple alge-

A geometric construction can also be used to add more than_two vectors as
shown in Figure 3.7 for the case of four vectors. The resultantvector R = A + B +

braic addition of numbers that C + D is the vector that completes the polygon. In other words, R is the vector
is handled with the normal rules drawn from the tail of the first vector to the tip of the last vector. This technique for
Ofariiimenc, adding vectors is often called the “head to tail method.”

When two vectors are added, the sum is independent of the order of the addi-
tion. (This fact may seem trivial, but as you will see in Chapter 11, the order is
important when vectors are multiplied. Procedures for multiplying vectors are dis-
cussed in Chapters 7 and 11.) This property, which can be seen from the geometric
construction in Figure 3.8, is known as the commutative law of addition:

Commutative law of addition P AL BB (3.5

Draw ﬁ, 68
then add A.

/‘bX$
27
p~ B
Draw A: {
A | thenaddB:]
o g .

- i . _ction
Figure 3.6 When vector Bis Flgure 357 (}eomemc construc- Figure 3.8 Thiicons,tg uctk i
added to vector A, the resultanF R is tion for summmg_gourvectors. The shows that A+ B-= oL ion i
the vector that runs from the tail of resultant vector R is by definition other words, that vector additt ‘
A to the tip of B. the one that completes the polygon. commutative. }

o
o Lea™
; 1 © Cengdd |
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3.3 Some Properties of Vectors 63

Add B and G; Add & and B;
then add_t!xe then add G n;
result to A. the result.

When three or more vectors are added, their sum is
which the individua} vectors are grouped together. A ge
for three vectors is given in Figure 3.9. This property s ¢
addition:

ndependent of the way in
ometric proof of this rule
alled the associative law of

X+(§+E)=(K+ﬁ)+é’ (3.6)

In summary, a vector quantity has both magnitude and direction and also obeys
the laws of vector addition as described in Figures 3.6 to 3.9. When two or more
vectors are added together, they must all have the same units and they must all
be the same type of quantity. It would be meaningless to add a velocity vector (for
example, 60 km/h to the east) to a displacement vector (for example, 200 km to the
north) because these vectors represent different physical quantities. The same rule

also applies to scalars. For example, it would be meaningless to add time intervals
to temperatures.

Negative of a Vector

T .
The negative of the vector A is defined as the vector that when added to A gives
. =
zero for the vector sum. Thatis, A + (—A) = 0. The vectors A and — A have the
same magnitude but point in opposite directions.

Subtracting Vectors

The operation of vector subtracti_(gn mg)kes use of thg definition of the n_ggative ofa
vector. We define the operation A — B as vector — B added to vector A':

A-B=2A+(-B) B.7)

The geometric construction for subtracting two vectors in this way is illustrated in
Figure 3.10a.

_, Another way of looking at vector_subtraction is to notice that the difference
A — B between two vectors A and B is what you have to add to the second vector

We would draw 'l Vector G =A — Bis
§ here if we were ’ the vector we must
adding it to A " B add to B to obtain A.
’
A 4 ;
g C=A-8
=2 B
=50 -B
A-B y
Adding —B to A £
is equivalent to A
subtracting B
from A.
a8 b

Uni i
€55 otherwise noted, all content on this page is © Cengage Learning.

Figure 3.9 Geometric construc-
tions for verifying the associative
law of addition.

< Associative law of addition

Figure 3.10 (a) Subtracting
vector B from vector A. The vec-
tor — B is equal in magnitude to
vector B and points in the oppo-
site direction. (b) A second way of
looking at vector subtraction.
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to obtain the first. In this case,
from the tip of the second vector to t

Multiplying a Vector by . -
If vector A is multiplied by a positive scalar quantity m, the product m A jg 2 vl
that has the same direction as A an
a negative scalar ¢ quantity =,
ple, the vector 5A is five tir
the vector —3A is one-thir

site A.

@uick Quiz 3.2

B = 8 units. Which pair of numbers repr

. values for the magnitude of the resultant vec!
4 units (b) 12 units, 8 units (c) 90 units, 4 units (d) none of these answers

: 2 :
@ uick Quiz 3.3 If vector B is added to vector A, which two of the follcl\;vin
* choices must be true for the resultant vector to be equal to zero? (a) A and

: B are parallel and in the same di . ir
: opposite directions. (c) A and B have the same magnitude. (d) A and B

e are perpendicular.

A Vacation Trip

|
| A car travels 20.0 km due north and then 35.0 km

| in a direction 60.0° west of north as shown in Fig-
ure 3.11a. Find the magnitude and direction of
| the car’s resultant displacement.

SOLUTION

| Conceptualize The
| Figure 3.11a help us conceptualize the problem.
| The resultant vector R has also been drawn. We
| expect its magnitude to be a few tens of kilome-

ters. The angle B that the resultant vector makes
with the y axis is expected to be less than 60°, the
angle that vector B makes with the y axis.

— — 3
vectors A and B drawn in

|
|
|
|

| Use R2 = A2 + B? — 2ABcos 6 from the law of cosines to

| find R:

; Substitute numerical values, noting that
| g = 180° — 60° = 120"

- —
The magnitudes of two vectors A and B are A = 12 units il

| ~ o . ’ > % o 3 =
| Categorize We can categorize this example as a gmple gnalysm problem in vector addition. The displacement R is the
resultant when the two individual displacements A and B are added. We can further categorize it as a problem about

| Analyze In this example, we show two ways to analyze the problem of finding the resultant of two vectors. The first way is

| to solve the problem geometrically, using graph paper and a protractor to measure the magnitude of R and its direction

| in Figure 3.11a. (In fact, even when you know you are going to be carrying out a calculation, you should sketch the vectors

| to check your results.) With an ordinary ruler and protractor, a large diagram typically gives answers to two-digit but nokss

| three-digit precision. Try using these tools on R in Figure 3.11a and compare to the trigonometric analysis below!

| The second way to solve the problem is to analyze it using algebra and trigonometry. The magnitude of R can be
obtained from the law of cosines as applied to the triangle in Figure 3.11a (see Appendix B.4).

as Figure 3.10b shows, the vector A0 B

he tip of the first. poiflts

a Scalar

d magnitu_ge mA. If vector A is rﬂultiplied

the product —mA is directed opposite A Fo
- 3 . h % r exam
nes as long as A and points In the same directiop aiiid
d the length of A and points in the directiop OppA;
0~

t()r
b

esents the largest and smallest possip)e
tor R = A + B? (a) 14.4 unj

rection. (b) A and B are parallt;l and in

y (km)
A
B
60.0°
20
2\ ° k_,’,,
8|z
FE20s e

Figure 3.11 (Example 3.2) (a) Graphical method for finding the resul-
tant displacement vector R = A + B. (b) Adding the vectors in reverse

order (B + A) gives the same result for R.

R=VA+ B? - 24Bcos 0

s 120°

R =V/(20.0 km)? + (35.0 km)? — 2(20.0 km)(35.0 km) €O
= 48.2 km

0
: { age Lea™
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3.4 Components of a Vector and Unit Vectors 65

1||C(1

onti
g ' ; ;
) Jaw of sines (Appendix B.4) to find the direction sinf8  sin @
|U Slhe ;sured from the northerly direction: PR R
Of R meas
- B 35.0 km
Sinf = 7 sin § = ot — sin 120° = 0.629
B= 38.9°
csultant displacement of the car is 48.2 km in a direction 38.9° west of north.

THRIE o vreer g s b S T L S e ] e L
N Ize .Does the angle B that we calculated agree with an people find using the laws of cosines and sines to be awk-
JiFea Iate made by looking at Figure 3.11a or with an actual ~ ward. Second, a triangle only results if you are adding

esmlﬂ measured from the diagram using the _graphical  two vectors. If you are adding three or more vectors, the
i angdeod? Isit reasg{lable _tl}at the magnitude gf R is larger resulting geometric shape is usually not a triangle. In Sec-
‘ 316 1Lhat of both A and B? Are the units of R correct? tion 3.4, we explore a new method of adding vectors that

han

Although the head to tail method of adding vectors  will address both of these disadvantages.

ks well, it suffers from two disadvantages. First, some
wor 2

W Suppose the trip were taken with the two vectors in reverse order: 35.0 km at 60.0° west of north first and
then 20.0 km due north. How would the magnitude and the direction of the resultant vector change?

‘ Answer They would not change. The commutative law for vector addition tells us that the order of vectors in an
addition is irrelevant. Graphically, Figure 3.11b shows that the vectors added in the reverse order give us the same

| resultant vector.

Components of a Vector and Unit Vectors

The graphical method of adding vectors is not recommended whenever high
accuracy is required or in three-dimensional problems. In this section, we
describe a method of adding vectors that makes use of the projections of vectors
along coordinate axes. These projections are called the components of the vec-
tor or its rectangular components. Any vector can be completely described by its
components. 3

Consider a vector A lying in the xy plane and making an arbitrary angle
with the positive xaxis as shown in Figure 3.12a. This vector can be expressed as the
sum of two other component vectors A ., which is parallel to the xaxis, and A y» which
is parallel to the y axis. Erom_lfigurg 3.12b, we see that the three vectors form a
right triangle and that A = A, + A, We shall often refer to.the “components
of a vector A,” written A, and Ay (wi_t}hout the boldface notation). The compo-
nent A, represents the proje_c)tion of A along the x axis, and the componen't.A).
represents the projection of A along the y axis. These components can be positive
or negative. The component A, is positive if the component vector A-} points in
the positive x direction and is negative if A, points in the negative x direction. A
similar statement is made for the component A),.

0 A

less othenyi
'S8 noted, all content on this page is © Cengage Learning.

Figure 3.12 (a) A vector A
lying in the xy plane can be rep-
resented by its component vectors
A,and A,. (b) The y component
vector A, can be moved to the
right so thatitadds to A . The
vector sum of the component
vectors is A. These three vectors
form a right triangle.
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Pitfall Prevention 3.2

X and y Components Equations 3.8
and 3.9 associate the cosine of

the angle with the x component
and the sine of the angle with the
Y component. This association is
true only because we measured the
angle 6 with respect to the X axis,
50 do not memorize these equa-
tions. If  is measured with respect
to the yaxis (as in some problems),
these equations will be incorrect.
Think about which side of the tri-
angle containing the components
is adjacent to the angle and which
side is opposite and then assign the
cosine and sine accordingly.

3

A, points A, points

left and is — right and is +
A, points A, points

up and is + up and is +

A, points

A, points
left and is —

right and is +
A, points A, points
down and is —
Figure 3.13 The signs of the
components of a vector A depend
on the quadrant in which the vec-
tor is located.

Figure 3.14 (a) The unit vectors
i, j, and kare dirccte.d along the x,
y, and z axes, resp(icn'vely.. (b) Vec-
tor A = A+ A,jlying in the xy
plane has components A, and A,

™
P L T o 0 ' % o

down and is —

Chapter 3 Vectors

e definition of sine and 1 cosine, we see tha

Cos ¢ =
g Figure 3.12 and th N ,
and that s & = /A, Hence, the components 4
. A, = Acost 3 ;
Ay = Asin 0 iy . (3.9)
? ts are the lengths of t .e two sides of a i :
The magnitudes of theseocfolrennpgfiEe‘;l Therefore, the magnitude and directiolgl O[ftrxl.
le with a hypotenuse . :
Z?eg ril‘;ted to Tt}: components through the expressions
A = Axg + A)‘. (3‘10]

o
daee

Notice that the signs of the components 4, and f}% g?;;g"ol;lo?}]le,qangle 6. For
cxampladfosalE negaFive and A’ o posétlt‘}’; componer;ts wher: aﬁd]{{y 0
negative. Figure 3.13 summarizes the signs o ies iy

A i —
thewvirelr?l;f)l(yiﬁg?rnotls)lems, you can sPecif?f avector A either with its Componeng
A, and A or with its magnitude and direction A and 6. A ; |

¥ Suppoyse you are working a physics proplem that. requires resolving a vector into
its components. In many applications, it is convemen't to eﬁpreiis the .corlnponems
in a coordinate system having axes that are not horlefﬁa an'dverﬂca bu.t that
are still perpendicular to each other. For example, we wi .C(.)nSlf er the mOFlon of
objects sliding down inclined planes. For these egamples, it is <l) ten cEnvelmem to
orient the xaxis parallel to the plane and the y axis perpendicular to the plane,

Ba9)

(@ uick Quiz 3.4 Choose the correct response to make the sentence true: A com-
. ponent of a vector is (a) always, (b) never, or (c) sometimes larger than the mag-
e nitude of the vector.

Unit Vectors

Vector quantities often are expressed in terms of unit vectors. A unit vector is a
dimensionless vector having a magnitude of exactly 1. Umt vectors are used to s;;elc:
ify a given direction and have no other physica1‘51gn-1f1c2}nce. They are uifd so;1 Z
as a bookkeeping convenience in describing a dlrecnon.m space. We shall use 5
symbols i, j» and k to represent unit vectors pointing in the positive x, 3, a(fil !
directions, respectively. (The “hats,” or circprpﬂexe§, on the symbols are a Stan‘ a .
notation for unit vectors.) The unit vectors i, j, and k form a set of mutually pelpe;
dicular vectors in a right-handed coordinate system as showAn in Figure 3.14a. The
magnitude of each unit vector equals 1; that is, [i| = jl = |k| = 1. i

Consider a vector A lying in the xy plane as shown in Figure 3.14b. The plOA :
of the component A, and the unit vector ] is the component vector A, = 4:b

Leamiﬂﬂ
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. . § v — -,
ies on the x axis and has magnitude |Ax|. Likewise, Ay = A,j is the com-

octor of magnitude |A| lying on the y axis. Therefore, the unit-vector
onent vect T
Dt r the vector A 1s

— " A
A =Ai+Aj (3.12)
F example, consider a point lying in the xy plane and having Cartesian coordi-
or

(x, ) asin Figure 3.15. The point can be specified by the position vector ¥,

s e
n it-vector form is given by

which inut A 5
F =ity (313)

Jis notation tells us that the components of ¥ are the coordinates x and 9.

Now let us see how to use components to add vectors when the graphical method

:, ot sufficiently accurate. Suppose we wish to add vector B to vector A in Equa-

l[ion 319, where vector B has components B, and B,. Because of the bookkeeping

convenience of the unit vectors, all we do is add the x and y components separately.
The resultant vector R=A + Bis
—

R = (Ad+4,)) + (Bi+ Bj)

Tl

or & y ;
R = (A, + B)i+ (4, + B)j (3.14)
Because ﬁ = in + Ryj, we see that the components of the resultant vector are
R.=A,+ B,
Ry = Ay + By

Therefore, we see that in the component method of adding vectors, we add all the
xcomponents together to find the x component of the resultant vector and use the
same process for the y components. We can check this addition by components with
ageometric construction as shown in Figure 3.16.

The magnitude of R and the angle it makes with the x axis are obtained from its
components using the relationships

(3.15)

R=VR2+R}=V(A +B) + (A +B)

R _A4+B
R, A.+ B,

At times, we need to consider situations involving motion in three component
directions. The extension of our methods to three-dimensional vectors is straight-

forward. If A and B both have %, y, and z components, they can be expressed in
the form

(3.16)

tan § = (3.17)

~ A~ A

A =4i+Af+Ak (3.18)
B =Bi+Bj+Bk (3.19)

The sum of A and B is
R =(4+B)i+(A+B)]+(4+B)k (3.20)

Notice that Equation 3.20 differs from Equation 3.14: in Equation 3.20, the resul-
tant vector also has a zcomponent R, = A, + B,. If a vector R ha§ x, 9, and z com-
Ponents, the magnitude of the vector is R= VRZ + R? + R}. The angle 0,
that R makes with the x axis is found from the expression cos 6, = R,/R, with simi-
lar €Xpressions for the angles with respect to the y and z axes. .

€ extension of our method to adding more than two vectors is also stralght—
forwarq, For example, X a7 ﬁ aF a = (A, + B, + C)i+ (Ay + B+ C>)-] ar
(A‘ L C)k. We have described adding displacement vectors in this section
Ccause thege types of vectors are easy to visualize. We can also add other types of

Unless ogp
€rWise noted al| content on this page is © Cengage Learning.
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Figure 3.15 The point whose
Cartesian coordinates are (x, y)
can be represented by the position
vector ¥ = x1 + yj.

Ly

____________ :

T :

By R B :

i |

_____ -~ i

A < | |

Y A | |
Y x

Ax Bx—’

R,

Figure 3.16 This geometric
construction for the sum of two
vectors shows the relationship
between the components of the
resultant R and the components
of the individual vectors.

Pitfall Prevention 3.3

Tangents on Calculators Equa-
tion 8.17 involves the calculation
of an angle by means of a tangent
function. Generally, the inverse
tangent function on calculators
provides an angle between —90°
and +90°, Asa consequence, if
the vector you are studying lies in
the second or third quadrant, the
angle measured from the positive
xaxis will be the angle your calcu-
lator returns plus 180°.
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and electric field vectors, which we i) do ip |
a[er

vectors, such as velocity, force,

rs is the magnitude of the ve
% Ctop

For which of the following vectors 1§ ¢ : !
ts of the vector? (@) A = 21 + 5j

chapters.

@uick Quiz 3.5
) equal to one of the componen
e (b) B = -3j (¢ C = +5k

The Sum of Two Vectors

| Find the sum of two displacement vectors Aand B lying in the xy plane and given by

| A =(20i+20)m and B =(20i-40j)m

|

SOLUTION
Conceptualize You can conceptualize the situation by drawing the vectors on graph paper. Draw an approximation of

| the expected resultant vector.
- . . s 3 3 1 i i A
Categorize We categonie this example as a simple substitution problem. Comparing this expression for A with

the general expression A = A, + Ajj + Ak, we see that A, = 2.0 m, A =2.0m, and A, = 0. Likewise, B, = 2.0 m,
B, = —4.0 m, and B, = 0. We can use a two-dimensional approach because there are no z components.

§ =5 - — - - A
Use Equation 3.14 to obtain the resultant vector R R=A+B=(20+20)im+ (2.0 - 4.0)jm

tan 0 =
R, 4.0 m

" Evaluate the components of R: R, =40m RE=1=2.0m
| Use Equation 3.16 to find the magnitude of R: R=VR2+R*=V(40m)’+ (-2.0m)?=V20m = 45m
|
, =20
B2 T

Find the direction of R from Equation 3.17:
—0.50). This answer is correct if we interpret it to mean 27°

1 Your calculator likely gives the answer —27° for 6 = tan™(
| clockwise from the x axis. Our standard form has been to quote the angles measured counterclockwise from the +x

;' axis, and that angle for this vectoris § = 333° .

Example 3.4 The Resultant Displacement
' A particle undergoes three consecutive displacements: AT, = (151 + 30j + 12k) cm A¥, = (231 — 14 - 5.0k) cm,

| and A¥; = (—13i + 15j) cm. Find unit-vector notation for the resultant displacement and its magnitude.

|

from the graph paper. This procedure provides the dis
int, move yoUr
hen 14 ¢

Conceptualize Although x is sufficient to locate a point

| % =

| in one dimension, we need a vector r toiocate a point in placement described by AT,. From this po

| two or three dimensions. The notation Ar isa generaliza:  pencil 23 cm to the right parallel to the xaxis, t

| tion of the one-dimensional displacement Axin Equation parallel to the graph paper in the —y direction, and then

| 9.1. Three-dimensional displacements are more difficult 5.0 ; pap 79 rap

’ . : ; : ¢m perpendicularly away from you toward the 8%

| to conceptualize than those in two dimensions because Paper. You are now at the displacement from the origit
they cannot be drawn on paper like the latter. described by AT, + AT Frcl))m this point, MOVE you!

," For this problem, let us 1@agme that you start with your  pencil 13 cm to the left i;‘the . directIi)On a’nd (finally!)

;‘ pencil at the origin of a piece of graph paper on which 15 ¢ Parallel to the graph paper alon L}’le y axis. Your

| you have drawn x and y axes. Move your pencil 15 cm  final position is at g dIi)s ]P P t Ag? ATt AT

to the right along the x axis, then 30 cm upward along  from the origin placemen 1

| the y axis, and then 12 cm perpendicularly toward you away

R ——— e N TTONR BN W DA e
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inued

) 3,40 nt
| Categorize Despite the difficulty in conceptualizing in three dimensions, we can categorize this problem as a substitu-
; ‘a roblem because of the careful bookkeeping methods that we have developed for vectors. The mathematical manip-
| ::fal:ign keeps track of this motion along the three perpendicular axes in an organized, compact way, as we see below.

|

1 To find the resultant displacement, Tdin phh o gt
| add the three vectors:

\
|
|
‘ Find the magnitude of the resultant R=VR?+ R_f + R?

| yector:

m Taking a Hike

I

(15 + 28 — 13)icm + (30 — 14 + 15)j cm + (12 — 5.0 + 0)k cm
(251 + 31 + 7.0k) cm

Il

=V(25cm)? + (31 cm)? + (7.0 cm)? = 40 cm

N

A hiker begins a trip by first walking 25.0 km southeast from her car. She stops

and sets up her tent for the night. On the second day, she walks 40.0 km in a W =

direction 60.0° north of east, at which point she discovers a forest ranger’s tower. y (km) S 3

(A) Determine the components of the hiker’s displacement for each day. 20 Tower
| ﬁ & r
[SOLUTION ] 10 B
| Conceptualize We conceptualize the problem by drawing a sketch as in Figure Ca? e ot x (km)

3.17.1f we denote the displacement vectors on the first and second days by A and 0 el

ﬁ, respectively, and use the car as the origin of coordinates, we obtain the vec- A 60.0°

tors shown in Figure 3.17. The sketch allows us to estimate the resultant vector as —90 oghisls
| shown.
‘ = . . .
| Categorize Having drawn the resultant R, we can now categorize this problem Figure 3.17 (Example 8.5) The
| as one we've solved before: an addition of two vectors. You should now have a total displacement of the hiker is
| hint of the power of categorization in that many new problems are very similar to thevector R = A + B.

| problems we have already solved if we are careful to conceptualize them. Once

| . . . .

| We have drawn the displacement vectors and categorized the problem, this problem is no longer about a hiker, a walk,
| acar, atent, or a tower. It is a problem about vector addition, one that we have already solved.

i ....................................................................................................................................

Find the components of A using Equations 3.8 and 3.9: A, = Acos (—45.0°) = (25.0 km)(0.707) = 17.7 km
T A, = Asin (—45.0°) = (25.0 km)(=0.707) = —17.7 km

The negative value of 4, indicates that the hiker walks in the negative y direction on the first day. The signs of A, and
4 also are evident from Figure 3.17.

' Find the components of B using Equations 3.8 and 3.9: B, = Bcos 60.0° = (40.0 km)(0.500) = 20.0 km

|

B, = Bsin 60.0° = (40.0 km)(0.866) = 34.6 km

 (B) Determine the components of the hiker’s resultant displacement R for the trip. Find an expression for R in
terms of unit vectors,

ol

Use Equation 3,15 to find the components of the resul- R.=A,+ B,=177km + 20.0km = 87.7 km

| tant dj S s =%
1 1splacement R = A + B: R = A, + B,

—17.7km + 34.6 km = 17.0 km

continued

MIESS otheryi
erwi
158 noted, all content on this page is © Cengage Learning.
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D 3.5continued

— % 0
. : — (8771 + 17.0j) km
Write the total displacement in unit-vector form: R (87 J
mate the position of the tower to be 3

F e 3,17, we esti
inalize Looking at the graphical 1ep1esemanon in Figur . final position of the s s

(38 km, 17 km), wh1ch is consistent with the components of R in our re
both components of R are positive, putting the final pOSltlO
also consistent with Figure 3.17.

WS  After reaching the tower, the hiker wishes to re
components of the vector representing this hike? What shoul

turn to her car along a single straight line. What are o
d the direction of the hike be?

. = . =
Answer The desired vector R, is the negative of vector R:
—

R = —R = (-37.71 - 17.0j) km
' The direction is found by calculating the angle that the vector makes with the x axis:
Ray  —17.0km

Rerelh ol dkm

tan 0 =

which gives an angle of § = 204.2°, or 24.2° south of west.

boyg

di Iso,
1 in the first quadrant of the coordinate system, which j

[

I Scalar quantities are those that have only a
numerical value and no associated direction.

I Vector quantities have both magnitude and direction and
obey the laws of vector addition. The magnitude of a vector is

always a positive number.

Concepts and Principles

I When two or more vectors are added together, they
must all have the same units and they all must be the
same type of quantity. We can add two vectors A and
B graphlcally In thlS method (Fig. 3.6), the resultant
vector R =A + B runs from the tail of A to the

tip of B.

[ Ifavector A has an x component A, and a y compo-
nent A) the vector can be expressed in unit-vector form
as A = Ad + A J In this notation, i is a unit vector
pointing in the posmve x direction and_] isa umt vec-
tor pointing in the positive y direction. Because i and j j

are unit-vectors, [i| = [jl =

[ Asecond method of adding vectors involves com-
ponents of the vectors, The x component 4, of the
vector A is equal to the projection of A along the
xaxis of a coordinate system, where A, = A cos 0.

The y component A of A is the projection of A along
the y axis, where A = Asin 0.

) We can find the resultant of two or more vectors

by resolving all vectors into their x and y components:
adding their resultant xand y components, and then
using the Pythagorean theorem to find the magmmde
of the resultant vector, We can find the angle that the
resultant vector makes with respect to the x axis by
using a suitable trigonometric function.

D ——— T X T TR PR W TSN AL




e Questions

15 the magnitude of the vector (101 — 10k) m/s>
1. “hgt(b) 10m/s (©) —10 m/s (d) 10 (e) 14.1 m/s
(ﬂ)v or lying in the xy plane has components of oppo-
9. A\ef . The vector must lie in which quadrant? (a) the
site slgua'l drant (b) the second quadrant (c) the third
ﬁlrlztd‘rlam (d) the fourth quadrant (e) either the second

he fourth quadrant

- —
.ure 0Q3.3 shows two vectors. D, and D,. Which of the
3. F;gslgbilities (a) through (d) is the vector 32 - QB],

ort

or (e) isitnone of them?
D,
= Al B by
D,
a8 (b] a -
Figure 0Q3.3

4, The cutting tool on a lathe is given two displacements,
one of magnitude 4 cm and one of magnitude 3 cm, in
each one of five situations (a) through (e) diagrammed
in Figure OQ3.4. Rank these situations according to
the magnitude of the total displacement of the tool,
putting the situation with the greatest resultant magni-
tude first. If the total displacement is the same size in

two situations, give those letters equal ranks.

[/L' / / A‘\1 &
[c] (d] e]

» 1 o
Figure 0Q3.4

|
v

8 b]

5. The magnitude of vector A is 8 km, and the magnitude
of B is 6 km. Which of the following are possible val-
ues for the magnitude of A + B? Choose all possible
answers. (a) 10 km (b) 8 km (c) 2 km (d) 0 (¢) —2 km

6. Let vector A point from the origin_into the second

ql{aqraflt of the xy plane and vector B point frgm the
Orgin into the fourth quadrant. The vector B — A

Conceptyal Questions

ml_s It possible to
lty? Explain,

% Can the g
Explain,

3, A book is movi
1P with the
UP at jts jpjg

hat s ¢

add a vector quantity to a scalar quan-
gnitude of a vector have a negative value?

ed once around the perimeter of a table-
imensions 1.0 m by 2.0 m. The book ends
al position. (a) What is its displacement?
he distance traveled?

g
S8 otheqy
s n
0ted, all content on this page is © Cengage Learning.
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Conceptual Questions

EZ] denotes answer available in Student Solutions Manual/Study Guide

must be in which quadrant, (a) the first, (b) the sec-
ond, (c) the third, or (d) the fourth, or (e) is more than
one answer possible?

7. Yes or no: Is each of the following quantities a vector?

8.

9.

10.

(a) force (b) temperature (c) the volume of water in
a can (d) the ratings of a TV show (e) the height ofa
building (f) the velocity of a sports car (g) the age of
the Universe

What is the y component of the vector (81 — 8k) m/s?
(@) 3m/s (b) —8 m/s (c) 0 (d) 8 m/s (e) none of those
answers

What is the x component of the vector shown in Figure
0Q3.9? (a) 3 cm (b) 6 cm (c) —4 cm (d) —6 cm (e) none
of those answers

Figure 0Q3.9 Objective Questions 9 and 10.

What is the y component of the vector shown in Figure
00Q3.9? (a) 3cm (b) 6 cm (c) —4 cm (d) —6 cm (e) none
of those answers

[11] Vector A lies in the xy plane. Both of its components

12.

13.

4.

5.

will be negative if it points from the origin into which
quadrant? (a) the first quadrant (b) the second quad-
rant (¢) the third quadrant (d) the fourth quadrant
(e) the second or fourth quadrants

Asubmarine dives from the water surface atan angle of
30° below the horizontal, following a straight path 50 m
long. How far is the submarine then below the water
surface? (a) 50 m (b) (50 m)/sin 30° (c) (50 m) sin 30°
(d) (50 m) cos 30° (e) none of those answers

A vector points from the origin into the second quad-
rant of the xy plane. What can you conclude about
its components? (a) Both components are positive.
(b) The x component is positive, and the y component
is negative. (c) The x component is negative, and the 9y
component is positive. (d) Both components are nega-
tive. (¢) More than one answer is possible.

denotes answer available in Student Solutions Manual/Study Guide

2
Ifthe componentofvector A alongthe direction of vector
B is zero, what can you conclude about the two vectors?

On a certain calculator, the inverse tangent function
returns a value between —90° and +90°. In what cases
will this value correctly state the direction of a vector
in the xy plane, by giving its angle measured counter-
clockwise from the positive x axis? In what cases will it
be incorrect?




